We study the N = 1 supersymmetric gauge theories with N f flavors of quarks in the fundamental vector representation. We find dynamically generated superpotentials, smooth quantum moduli space, quantum moduli space with additional mesons, non trivial IR fixed points.
1 Introduction and conclusion.
In the recent period there has been a lot of interest in supersymmetric gauge theories; this is due to the fact that certain quantities are often exactly calculable because they are extremely constrained by holomorphy and symmetries (for a review see ref. ( [1] ) ). These exact results provide insight in the strong coupling region where a lot of new interesting phenomena take place. Some of them are universal, other specific.
One feature, which seems to be universal, is the sequence of phases into which the theory with massless quarks moves when the number of flavors is increased (for a short review see ref.s ( [2] ) ). First when there are few flavors the theory has a dynamically generated superpotential without ground state, then it moves into a confining phase which is eventually followed by a free magnetic one. Increasing further the number of massless quarks the theory changes phase to a non-Abelian Coulomb phase and finally it stops being asymptotically free and therefore it moves into the free electric phase.
A second feature, which is perhaps the most exciting one, is the existence of a dual description in terms of a magnetic theory in the deep IR for a certain range of the parameter N f , the number of flavors. In almost all the examples so far known the dual theory has a different gauge group, which nevertheless belongs to the same series of the Lie classification of the original one ( [5] , [6] , [7] , [8] ). An exception to this pattern is represented by the SU(2k) theory with an antisymmetric tensor and vector matter ( [9] ) whose dual is the product of two groups. Nevertheless in all the known cases it is true that the dual of a simple group with matter in the elementary vector representation is in the same Lie series.
It is therefore interesting trying to understand whether these features are preserved in the case of special groups. In particular it would be very interesting to know which is the dual of the special groups. The purpose of this work is to examine the simplest of all the special groups, i.e. G 2 . We find that at least the first feature is preserved while we have not being able to show whether the second is maintained.
A summary of our results is as follows: for N f ≤ 3 flavours of vector matter we find dynamically generated superpotentials associated either with gaugino condensation for N f < 3 or with instantons for N f = 3 which lift the classical vacuum degeneracy and imply the non existence of a vacuum. For N f > 3 there is still a quantum moduli space. In a generic point of which the group is completely broken by the Higgs mechanism. Classically there are singular submanifold where there is an enhanced symmetry because some W bosons are massless on them. Quantistically for N f = 4 the moduli space is completely smooth, without any singularity, because of instanton effect: the origin does not belong to it. The theory confines. For N f = 5 the quantum moduli space is the same of the classical one but the singularity at the origin implies the existence of new mesons rather than massless W ; again at the origin the theory confines. For 6 ≤ N f < 12 the theory flows to a non trivial interacting superconformal field theory, which implies a non-Abelian Coulomb phase.
The classical moduli space
We will study the N = 1 supersymmetric QCD with gauge group G 2 and N f flavours of quarks Q cf in the (real) fundamental 7 representation (c = 1 . . . 7, f = 1 . . . N f ). The Wilsonian (one loop) beta function is
and therefore the theory is asymptotically free for N f < 12. The global symmetries are
where the last U(1) Q f 0 is anomalous. The theory also has a discrete Z 2N f that acts as Q → e iπ 2N f Q which is the part of U(1) A left unbroken by the anomaly.
Also in the case of G 2 it is possible to obtain the explicit form of the classical moduli space; using the explicit realization of the G 2 generators given in the appendix we find (all the parameters are real) 
3) along these flat directions there is the following pattern of symmetry breaking G 2
→ ∅ and the generators left unbroken are
→ {H 2 , E ±4 }. It turns out examining the gauge invariant description of the moduli space eq.s ( 2.7 ) that the sequence in which we switch on the v.e.v is
We can now write down the gauge invariant operators using the two invariant tensors g cd and Γ c 1 c 2 c 3
with their charges under the global symmetries
and then use the Bose statistic of Q cf and the proprieties of Γ to deduce relation among these objects.
In particular the fact that we can only use up to two Γ follows from the reducibility of the product of three or more Γ (as shown in appendix eq. ( A.3 ) and the explicit antisymmetrization over the flavour indices in the last equation of eq. ( 2.4 ), which implies the constraint N f ≥ 4, is a consequence of
The gauge invariant description of the moduli space ( 2.3 ) is given by 3 N f = 1, 2. A dynamically generated superpotential by gaugino condensation with no vacuum.
Using the symmetries eq. ( 2.2 ) the only dynamical generated superpotential, which is allowed, is As in ref.
( [10] ) this superpotential is generated by gaugino condensation in the SU(4 − N f ) YM theory left unbroken by < Q >. This can be checked along the flat direction with < Q c1 >= δ c6 a 1 of the N f = 2 theory where the low energy theory left by the Higgs mechanism is SU(3) with N f = 1 flavour: we find that the two scales are relate by Λ 4 N f = 3. An instanton generated superpotential with no vacuum.
The superpotential eq. ( 3.1 ) also makes sense for N f = 3 and it reduces nicely to W 2 when adding W tree = m 33 M 33 and integrating the third massive quark away but when N f = 3 there is another gauge invariant available besides M f g (eq. ( 2.4 )) and it is B ≡ B
123
The classical vacua can be described with these 7 gauge invariant operators without any constraints as the naive counting of the real d.o.f shows:
This can also directly be confirmed with the tensor analysis and by the direct inspection of the classical moduli space ( 2.7 ).
Using the symmetries eq. ( 2.2 ) we can write the most general superpotential as
where f (u) is an arbitrary function. Adding W tree = mM + bB we get
Since for det M = 0 the group is completely broken we expect instanton corrections which contribute as (Λ
. The further necessities to have a smooth m = 0 and b = 0 limit imply
In order to determine f we use the integrate in technique ( [3] ) (whose notation we use) since the Principle of Linearity is satisfied. Integrating away Q c3 at the classical level in W tree we get W tree, d = − b 2 4m 33 detM whereM are the gauge invariant mesons describing the N f = 2 down theory.
. As explained in ref.
( 
We obtain
where
. An independent test of this superpotential can be obtained higgsing the theory to SU(3)
) which gives the usual superpotential for SU(3) with N f = 2 when we identify the two scales as Λ . Because of this superpotential the theory has not a vacuum and exhibits the runaway phenomenon.
5 N f = 4. A smooth quantum moduli space.
In this case because the quarks are not charged under the U(1) R symmetry, it is not possible to generate a superpotential, which has U(1) R charge two. Nevertheless the classical theory can be described with the 15 gauge invariants
The necessity for this constraint is easily seen with the help of the naive counting of the complex d.o.f ♯(Q) − ♯(G 2 ) = 14 and it can be obtained with the help of the tensor analysis and using the Bose symmetry of the Qs.
If we turn on W tree = mM and we use the symmetries, we find that
with some unknown constants k 1 , k 2 . At the quantum level the constraint eq. ( 5.1 ) needs to be modified to It should therefore be possible using the DR scheme to set (k
Another independent check of this result is obtained by higgsing the theory to SU(3) by < Q c1 >= δ c6 a 1 . We get 
where d 2 (r) and d 3 (r) are respectively the second and third Casimir of the irrep r.
6 N f = 5. Confinement without chiral symmetry breaking.
Similarly to the case N f = 4 we find that the classical moduli space is described by the gauge invariants given in eq. ( 2.4 ) with 3 constraints
Turning on W tree = mM we find that the symmetries imply that
..f 4 >= 0 and we must therefore modify the classical constraint to
2) Following the line of thought of ref. ( [4] ) we are lead to conclude that all the gauge invariant fields are required to a complete description of the quantum theory since we can completely fill a neighbourhood of the origin of the quantum moduli space tuning the "external" sources in W tree = mM + bB + cB, i.e. we find all the possible values of M, B and B for m, b, c = 0. This satisfies a highly non trivial check of consistency: the 't Hooft anomaly consistency conditions. At the origin of the quantum moduli space the whole global symmetry SU(5) × U(1) R is unbroken and the microscopic fields transform in 14 × (1) 1 ⊕ 7 × (5) − . The 't Hooft anomaly conditions, which are satisfied, are
Since the theory makes sense at the origin too and we can describe it using all the gauge invariant fields we have, we can expect to be able to find a unique superpotential for the effective low energy Lagrangian. The unique superpotential which respects the symmetries, reproduces the flat directions correctly and yields the previous superpotentials when integrating out quarks is given by
7 N f ≥ 6. The interacting superconformal field theory.
As in the previous case the quantum moduli space has a singularity at the origin but now we cannot satisfy the 't Hooft conditions. The simplest one, the U(1) R condition, tells that there are not enough fermions with negative U(1) R charge ( for the N f = 6 we get −14 from the microscopic point of view while the macroscopic contribution is −2) but we cannot construct any further operator whose fermions have negative U(1) R charge. The theory at the origin should be in a non Abelian Coulomb phase since it can be higgsed to a SU(3) theory with N f ≥ 5 which is known to be either in such a phase (N f ≤ 8) or not asymptotically free (N f ≥ 9). Let us therefore examine the dimension of the gauge invariant operators which we have given in eq. ( 2.4 ), in the deep infrared supposing that the theory is described by a N = 1 superconformal theory ( [5] ), we get
From the theory of representation of N = 1 superconformal theory we know that a unitary representation necessary has D ≥ 1 for all the operators, this implies N f ≥ 6. In particular for N f = 6 if the theory is superconformal in the IR, the mesonic fields M f g is free. The non existence of a gap between the confining phase and the non Abelian Coulomb phase is nothing peculiar of this theory since it happens for SU(2) and SU(3) theories with fundamental matter too.
We could wonder whether it is now necessary to have a dual theory since the very reason calling for a dual theory in the U(n) ( [5] ), SO(n) ( [6] ) and Sp(n) ( [7] ) gauge theories with fundamental matter, i.e. the non existence of a unitary theory in term of the original gauge invariant fields in the deep IR, has disappeared and everything proceeds smoothly from N f = 0 to N f = 12 where the theory ceases to be asymptotically free. The answer is yes, we need to have a dual description because G 2 with N f = 6 can be obtained higgsing SO (7) with N f = 7 flavours of matter in the spinorial irrep 8 and this theory should be in the non-Abelian Coulomb phase since G 2 is but on the other side its meson does not belong to a unitary representation of a superconformal theory.
We can therefore try to construct the dual theory explicitly. To this purpose we want to make use of the commutativity of the diagram
where we are assuming that the decoupling is the corresponding phenomenon in the magnetic theory of the higgsing in the electric theory and that there is a unique dual to the SU(3) gauge theory with vector matter. With this assumption we can conclude thatG 2 (N f ) = SU(N f − 4) and i r i = N f − 4 + N f − 4. Now we run into troubles since the global symmetries of the SU(3) and G 2 theories are quite different: the SU(3) symmetries
We can partially solve the problem with the superpotentialW = M f g q fqg which breaks
We are then obliged to introduce B f gh as elementary field of the dual since we want to identify B 1f g with the antisymmetric part ofMf |ĝ . Another reason to introduce B as ane elemntary fiels is that it is not possible to construct any operator using the dual quarks with the same U(1) R charge of B. But we are now faced with the problem of eliminating a linear combination of the dual baryon and dual antibaryon from the chiral ring since we have only one baryon with four indeces in the electric theory. Associated with this problem there is also the way of eliminating the global exceeding U(1) V symmetry. We were not able to solve this problem but we hope to return on it in another paper.
Appendix A: The group G 2
The group G 2 is the group to which SO (7) is spontaneously broken by a spinor S in the 8 of SO (7). G 2 has therefore dimension 14 and rank 2 and all its irreps are real. The branching rules of SO (7) 
Moreover Γ abc can be interpreted as Γ abc =<Sγ abc S > in view of the embedding G 2 ⊂ SO(7) described at the beginning.
The previous formula eq. ( A.2 ) allows the complete reduction of the products of three or more Γ:
In order to be able to find the constraints among the gauge invariant fields we need the following decompositions into irreducible parts
where (Γ 2 ) kl c 1 c 2 = Γ skl Γ sc 1 c 2 and T , T k and T {kl} are the 1, 7 and 27 irreducible parts given by
Moreover we need
(A.6) where T , T k and T {kl} are the 1, 7 and 27 irreducible parts given by
We also need
(A.8) where T k and T (14) [kl] are the 1 and 14 irreducible parts given by
Appendix B: Explicit representation of G 2
We took the explicit representation from the first reference of ( [12] ) which we checked and corrected. 
where q c ,q c and s transform respectively as 3, 3 and 1 of SU(3). Using the previous formulae eq.s ( C.1 ) we can decompose the gauge invariants operators ( 2.4 ), we get (f, g ≥ 2)
) (C. where the sign in the last two equations is the right one compatible with the pseudo conjugation exchanging q withq.
